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Abstract. Classical dynamical equations describing a certain version of the non-
Hamiltonian interaction of two rotators (Euler tops with completely degenerate in-
ertia tensors) are considered. The simplest case is integrated. It is shown that the
dynamics is almost periodic with periods depending on the initial data.
Classical dynamics of Hamiltonian systems is often described by remarkable
algebraic structures such as Lie algebras [1] or their nonlinear generalizations [2].
There is a hope that not less important algebraic objects govern a behaviour of the
interacting Hamiltonian systems. It seems that these mathematical objects may be
unravelled in a certain formal way.
There exist several types of an interaction of Hamiltonian systems: often it has a
potential character, sometimes it is ruled by a deformation of the Poisson brackets;
however, one of the most intriguing and less explored forms is a nonHamiltonian
interaction. In general, it can not be described by deformations of the standard
Hamiltonian data (Poisson brackets and Hamiltonians). Sometimes, such inter-
action is realized by the dependence of the Poisson brackets of one Hamiltonian
system on the state of another. Dynamical systems of charged objects with non-
potential magnetic interactions provide a realistic and relatively simple example
(cf.[3]). More sophisticated generalizations may be also formulated (e.g. two nu-
cleons at the classical level).
To unravel certain mathematical structures beyond such interactions it is rea-
sonable to consider some simple toy constructions. The examples of a linear depen-
dence of Poisson brackets on the states were considered in [4]. Physically realistic
example is a pair of spherical charged particles with fixed centers interacting via
Biot–Savart–Ampe´re forces. However, if charged particles are asymmetric then one
should consider each particle in its proper coordinates. In such a way equations
of motion of each object will contain a nonlinear dependence on the states of an
opposite one.
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A toy example of the quadratic nonlinear dependence will be considered below.
Some physical systems with magnetic interactions are characterized by such depen-
dence, e.g. two pairs of charged spherical particles. In this case the dependence
is linear as in velocities as in distances between particles in the pairs. Some fea-
tures of our toy example (boundness of motion, stability and almost periodicity)
may be also peculiar to a class of algebraically constructed systems with quadratic
nonHamiltonian magnetic–type interactions.
Our general constructions may be useful for a qualitative analysis of essentially
nonlinear systems (cf. [2]), because in many cases the quadratic approximation
determines the qualitative behavior of interacting systems, so the highest pertur-
bations do not disturb the boundness and stability of motion.
First, let us specify the necessary algebraic requisites.
Definition 1. A pair (V1, V2) of linear spaces will be called I–pair iff there are
defined (nonlinear) mappings
h1 : V2 7→ Hom(Λ
2(V1), V1)
h2 : V1 7→ Hom(Λ
2(V2), V2)
such that ∀A ∈ V2 its image h1(A) ∈ Hom(Λ
2(V1), V1) is a Lie bracket in V1 and
∀X ∈ V1 its image h2(X) ∈ Hom(Λ
2(V2), V2) is a Lie bracket in V2. The Lie bracket
in V2 corresponded to A will be denoted by [·, ·]A, whereas the Lie bracket in V1
corresponded to X will be denoted by [·, ·]X .
Here Hom(H1, H2) denotes the space of all linear operators from H1 to H2,
Λ2(H) is a skew square of the linear space H, so Hom(Λ2(H), H) is the space of
all skew–symmetric bilinear binary operations in H. The Lie brackets in H form a
submanifold Lie(H) of the space Hom(Λ2(H), H).
Mechanically, V1 and V2 are (possibly somehow reduced) phase spaces of the
interacting systems.
The examples of I–pairs with linear mappings hi were considered in [4].
Example of a nonlinear I–pair. Let Vi be the adjoint representations of the Lie
algebra so(n): Vi ≃ Λ
2(Rn) ⊆ Matn(R). Then put
[X, Y ]A = XY − Y X + ε(XA
2Y − Y A2X)
for all X, Y ∈ V1 and A ∈ V2 as well as
[A,B]X = AB −BA+ ε(AX
2B −BX2A)
for all A,B ∈ V2 and X ∈ V1.
Definition 2. Let us consider two elements Ω+ and Ω− in V1 and V2, respectively.
The equations
X˙t = [Ω
+, Xt]At , A˙t = [Ω
−, At]Xt ,
where Xt ∈ V1 and At ∈ V2 are called the (nonlinear) dynamical equations (Euler
formulas) associated with the I– pair (V1, V2) and the elements Ω
±.
Such formulas generalise classical Euler formulas for rotator [5, p.129,136].
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The toy examples for the linear case was considered in [4]. Physically realistic ex-
amples of the linear dependence include magnetic interaction between two charged
symmetric Euler tops (I1 = I2, I3 = 0, In are components of inertia tensor), two
Cooper pairs or two positroniums.
The dynamical equations associated with the I–pair of the example above and
with Ω+ ∈ V2 and Ω
− ∈ V1 may be considered as describing the nonHamiltonian
interaction of two n–dimensional rotators: ε is the coupling constant.
Lemma. If Ω± = Ω then the system has two independent integrals of motion:
I = 〈A,A〉+ 〈B,B〉 and J = 〈Ω, A〉
2
+ 〈Ω, B〉
2
(〈X, Y 〉 = Tr(XY )).
Really, I should be identified with energy so the lemma means that the system
is not dissipative.
Let’s consider the case n = 3. In this case the commutator [·, ·] in so(3) reduces
to an ordinary vector product × in R3.
The dynamical equations for two independent rotators have the form
{
A˙ = [Ω+, A]
B˙ = [Ω−, B]
A,B,Ω± ∈ so(3) or {
A˙ = Ω+ × A
B˙ = Ω− ×B
A,B,Ω± ∈ R3.
If A and B are identified with coordinates they describe the motion of a rigid
body with fixed axis. If A and B are identified with velocities they describe a
charged particle in an external magnetic field or a rotator [5, p.129,136]. If A and
B are identified with angular velocities they describe a symmetric Euler top [5,
p.128, 136, 142, 146] (see also [6,Sect.I,Ch.1]).
The perturbed equations have the form
{
A˙ = [Ω+, A] + ε(Ω+B2A− AB2Ω+)
B˙ = [Ω−, B] + ε(Ω−A2B −BA2Ω−)
Here so(3) is canonically imbed into Matn(R) as a space of skew–symmetric matri-
ces.
Theorem. The dynamical equations for two interacting rotators are integrable for
n=3 and Ω+ = Ω− = Ω. A motion defined by them is almost periodic with periods
depending on the initial data.
Proof. Let i, j, k be a canonical orthonormal basis in so(3) ≃ R3: [i, j] = i× j = k,
[j,k] = j × k = i, [k, i] = k × i = j. Put Ω = Ω± = ωi and expand A and B as
aii+ ajj+ akk and bii+ bjj+ bkk, then the dynamical equations will be written as{
a˙i = εωbi(bjak − ajbk)
b˙i = εωai(ajbk − akbj)
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

a˙j = −ωak + εωbj(bjak − ajbk)
b˙j = −ωbk + εωaj(ajbk − akbj)
a˙k = ωaj + εωbk(bjak − ajbk)
b˙k = ωbj + εωak(ajbk − akbj)
Put
aj = a0 cosϕ,ak = a0 sinϕ
bj = b0 cosψ,bk = b0 sinψ
then {
a˙i = εωbia0b0 sin(ϕ− ψ)
b˙i = −εωaia0b0 sin(ϕ− ψ)
Put a2i + b
2
i = A
2, ai = A cosχ, bi = A sinχ, then
χ˙ = −εωa0b0 sin(ϕ− ψ).
Note that {
(a20)
· = εωa20b
2
0 sin 2(ϕ− ψ)
(b20)
· = −εωa20b
2
0 sin 2(ϕ− ψ)
Put a20 + b
2
0 = B
2, a0 = B cos ξ, b0 = B sin ξ, then
{
ξ˙ = − εωB
2
4
sin 2(ϕ− ψ) sin 2ξ
χ˙ = − εωB
2
2
sin 2ξ sin η
Moreover, {
ϕ˙ = ω − εωb20 sin
2 2(ϕ− ψ)
ψ˙ = ω − εωa20 sin
2 2(ϕ− ψ)
Denote ϑ = 1
2
(ϕ+ ψ), η = ϕ− ψ. Then
{
ϑ˙ = ω + εωB
2
2
sin 2η
η˙ = −εωB2 sin2 η cos 2ξ
Mark that K = sin η sin 2ξ is an integral of motion, therefore,
{
η˙ =εωB2 sin2 η cos 2ξ
ξ˙ =− εωB
2
4
sin 2η sin 2ξ
whereas
θ˙ = ω − εωB
2
2
sin2 η.
The system of dynamical equations on η and ξ is easily integrated. Namely,
cos 2ξ =
√
1−K2 cos(C1 + εωB
2Kt)
4
and
cot η =
√
1−K2
K
sin(C1 + εωB
2Kt)).
Hence,
θ = ωt− εωB
2K2
2
∫
dt
1− (1−K2) cos2(C1 + εωB2Kt)
+ C2.
The last integral may be easily computed but the resulted expression is not much
useful, one should only mark that θ = ω′t+ f(εωB2Kt), where f is a 2pi–periodic
function, ω′ = ω + εωB2K∆ (∆ = ∆(K)). One should mark also that
χ = − εωB
2K
2
t+ C3,
so the periods of the almost periodic motion are 2pi
ω′
and 4pi
εωB2K . 
Note that the systems admits three integrals of motion: I, J and K. The
presence of two of them is provided by the algebraic structure of the model (and
equality Ω+ = Ω−; see above). It seems that the third integral has no any natural
algebraic interpretation.
Thus, the classical dynamical equations describing a certain toy version of the
nonHamiltonian interaction of two rotators are considered. The simplest case of
the dimension n = 3 and the coinciding angular velocities Ω± = Ω is integrated.
It is shown that a motion is almost periodic with periods depending on the initial
data.
One may suppose that a qualitative behavior of the considered toy system (e.g.
boundness and almost periodicity) is peculiar to a more general class of Hamiltonian
systems with nonHamiltonian interaction of magnetic type. Thus, the results may
be of a possible use for a qualitative and structural analysis of complicated physical
systems of such kind.
However, note that a relation between the algebraic construction of the model
and its explicit integration is formally almost ”accidental”. Nevertheless, it seems
that this relation is essential. It is reasonable to formulate a hypothesis that if
two Hamiltonian systems are integrable and their integrability is provided by some
algebraic mechanism, then an integrability of the interacting dynamics may be
related to some additional new algebraic structures, which underlie the interaction.
Certainly, such ”phenomenological” hypothesis is merely a constructive com-
promise between practical needs and theoretical abilities. It does not explain a
mechanism of the relation but only suggest to look for any explicit integration of
algebraically constructed nonHamiltonian systems. In such a way it may be useful.
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